Derivatives

Black-Scholes Call-Option-Pricing Model

cesariomateus@agmail.com

WWW.cesariomateus.com

Cesario MATEUS 2013


mailto:cesariomateus@gmail.com

The Black-Scholes Call-Option-Pricing Model

The Concepts Underlying Black-Scholes Model

The option price and the stock price depend on the same underlying
source of uncertainty

We can form a portfolio consisting of the stock and the option which
eliminates this source of uncertainty

The portfolio is instantaneously riskless and must instantaneously earn
the risk-free rate

This leads to the Black-Scholes differential equation
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Assumptions Underlying Black-Scholes

No dividends

Underlying stock returns are normally distributed
No transaction costs

Risk free interest rate for lending and borrowing

Volatility and interest rates are constant up to maturity
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Black and Scholes Formulas

Co = SoN(d;) — Xe ""N(d,)

_In(Se / X) +[Re +O.SVar(RIT . _ /7

d )
. o~NT

N(.) is the cumulative distribution function of the standard normal distribution

N(d,) is the risk adjusted probability that the option will be exercised.

N(d,) always greater than N(d,). N(d;) must not only account for the probability
of exercise as given by N(d,) but must also account for the fact that exercise or
rather receipt of stock on exercise is dependent on the conditional future

values that the stock price takes on the expiry date.
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Example

So = $60 = market price of the underlying asset (such as the share price of an
optioned stock)

X = $50 = Exercise (strike) price

T = 0.333 = 4 months = (one third of the year) = the time until the option expires
and is worthless.

RF=7% = Risk free rate stated at an annual rate

Var (R) = 0.144 = variance of returns = The riskiness of an investment in the
optioned asset.

_ In($60/ $50) +[0.07 + 0.5x 0.144] < 0.333
0.3794=0.5773

=1.0483

d,

d, = 1.0483-0.37944/0.333 =0.8293

Cesario MATEUS 2013 5




Table of Standard Normal Cumulative Distribution Function ®(z)
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Co = SN (d;) — Xe ""N(d,)

Co = $60 % 0.8531 — $50e 20770333 .« 0.7967 = $12.29

X $50
— S, <— =$12.29 +
(1—|— r)1/3 © Po (1.07)0'333
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Black & Scholes in Practice
Forward Use:

Underlying Price
Exercise Price ::

Time-to-Maturity
Risk-free Interest Rate— _
Estimated Volatility —

OPTION PRICE

Backward Use:

Underlying Price
Exercise Price
Time-to-Maturity
Risk-free Interest Rate
Implied Volatility
(forward looking volatility)

OPTION PRICE
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Example of option valuation using Black-Scholes

What is the value of a European call option with an exercise price of 6.70
and a maturity date of 276 days from now if the current share price is
$12.41, standard deviation is 25% p.a. and the risk-free rate is 10.50%.
Assume there to be 365 days in a year.

Use the Black-Scholes formula to derive your result.

co = PyN (dp ) —Ke "N (dy)
) In(Ry/K)+(r+0?/2)T

d, =
1 G\ﬁ
d2 =d1—0'\ﬁ
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12.41 276
i [in (3255) +[0.1050 + 5 (0.25)2] 522
276
025|572
276
d, = 3.3093 d, = 3.3093 — 0.25 |[—— = 3.0919
365
N(d,) = 0.9995 N(d,) = 0.9990

276
C=12.41%0.9995— 6.7 x e 105%(355) & 0.9990

C = 12.4038 — 6.1824 = $6.2214
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Question

The stock of Cloverdale Food Processors currently sells for $40. A
European Call option on Cloverdale stock has an expiration date six
months in the future and a strike price of $38. The estimate of the annual
standard deviation of Cloverdale stock is 45 percent, and the risk-free
rate is 6 percent. What is the call worth?
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Answer Question

_ 0.0513 + 0.0806

= 0.4146

0.3182

1
d2 = dl — oyt = 0.4146 — D.il-EJ; = 0.0964

N(0.4146) + 0.6608

N{0.0964) = 0.5384

C = 40(0.6608) — 38(2.718-10-08)(25) }(n 5384) = $6.58
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Question

Stock price S, = 100

Exercise Price X = 100 (at the money option)
Maturity T = 1 year

Interest rate (continuous) r = 5%

Volatility o = 0.15
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In(S, / X e'T) = In(1.0513) = 0.05

d, = (0.05)/(0.15) + (0.5)(0.15) = 0.4083
N(d,)=0.6585

d,=0.4083 — 0.15 = 0.2583

N(d,) =0.6019 European call :
100 = 0.6585 - 100 = 0.95123 = 0.6019
= 8.60
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N(-d,)=1— N(d,)=1—0.6585= 0.3415

N(-d,) =1-N(d,)=1-0.6019 = 0.3981

European put option

-100x 0.3415 +95.125x 0.398]1 =3.72
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Questions

A six-month call option with a strike price of $25.00 is selling for
$3.50. Assuming the underlying stock price is also $25.00 and the
risk-free rate is 6 percent APR, use the following table to determine
the volatility (i.e, standard deviation of the return) implied using the
option price. (Hint: Price the option using the table to determine
which volatility generates a price of $3.50)

N(d2)

40% 0,5799 0,4859
45% 0.6000 0.4742
50% 0.6032 0.4634
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