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Objectives

» Measure returns earned on securities

« Examine realized returns and their variability over time

» Describe the probability distribution approach

« Explain the concept of standard deviation as a measure of risk
* Interpret risk and return measures

* lllustrate how investor risk preferences can be represented
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Returns on Financial Assets

In any period, the observed (or realized) returns of an asset over that
holding period are measured as the change in cash flows divided by the
initial investment

Realized returns can be measured discretely or continuously

Discrete returns
R, =(P;+D;-P. )P, =(P+D)/P., -1

Continuously compounded returns
r=In[(P + D)/P-1]

In[+] is the natural logarithm
Discrete returns used more commonly rather than continuous

returns FHE UN
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Returns on Financial Assets

Example: You purchased the shares of Cozco Ltd for $5.00 and received
a dividend of $0.50. Compute the discrete and continuous returns earned
if you sold the shares for (a) $5.50 and (b) $4.30

Discrete returns

R, = (5.50 + 0.50)/5.00 - 1 = 20.0%
R, =(4.30 + 0.50)/5.00 - 1 = -4.0%
Continuous returns

r.=In [(5.50 + 0.50)/5.00] = 18.2%
.= In [(4.30 + 0.50)/5.00] = -4.1%

Discrete returns typically exceed continuous returns
Discrete returns tend to be more volatile (variable) over time
continuous returns
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Geometric vs Arithmetic Average Returns

The arithmetic average (r,) measures returns earned from a single, one period
investment over that time horizon

,=(R,+R,+... +R)/n

The geometric average (r,) measure returns earned per period from an
investment over its entire time horizon
rg = [(A+R)(+R,) ... (4R )M — 1

Only the geometric average can be used to link the starting and ending values of
an investment

Xp = Xo (L+1g)"

X, #F X, (L +r1)"
where X, and X, are the cash flows at time O and n, respectively.

Arithmetic averages can give incorrect or nonsensical results
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Geometric vs Arithmetic Average Returns

Example: An investment’s value changed from $10,000 to $15,000 from
year 0 to the end of year 1 and then to $7,500 in year 2.

a) Compute the investment’s arithmetic and geometric average returns.

b) What average annual return has the investor earned over the entire
two year period? Relate this return to the investment’s value

10,000 15,000 7,300
| | |
0 1 2
— .R| L R] L
R

a) Annual returns over year 1, R, = (15000 - 10000)/10000 = +50%
Annual returns over year 2, R, = (7500 - 15000)/15000 = -50%
The total return over years 0 to 2, R = (7500 - 10000)/10000 = -25% RISESEESERE

MELBOURNE




Geometric vs Arithmetic Average Returns

Arithmetic average return = (+0.5 - 0.5)/2 = 0%!

Note that X, # X, (1 +r,)"
So, 7500 # 10000(1 + 0.0)2

Geometric average =[(1 + 0.5)(1 - 0.5)]¥2- 1 =-13.4%

Note that X, = Xo(1 +1)"
So, 7500 = 10000(1 - 0.134)2

Also, the total return, R = (1 -0.134)? -1 =-25%
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Geometric vs Arithmetic Average Returns

Example: For the following investments (a) compare the arithmetic and
geometric average rates of returns, and (b) outline the general
relationship between these averages.

Investment A Investment B

Year "alue Return Value ERemurn

0 1000 - 100.0 -

1 1200 20.0% 1100 10.0%

2 000 -250% 1210 10.0%

= (X,- X, )X

3 1350 500% 1400 15.7% [ v o %X

4 1480 0. 6% 150.0 71.1%
Average Return Investment A Investment B
Arithmetic (0.20-0.25+0.50+0.096)/4 = 13 .66% 10.71%
Greometric [(1.2)(0.75)(1.5)(1.1)]¥%-1 = 10.30% 10.67

Arithmetic averages exceed geometric averages but these

differences decline as the volatility of returns decline.
MELBOURNE




Nominal and Real Equity Returns: 1900 - 2000
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Real Equity Returns Around the World: 1900 - 2000

Geometric  Arithmetic S tandard Minimum  Minimum Maximum Maximum
Country Mean (%) Mean (%) Deviation (%0) Retuin (%) Year Retwin (%) Year
Australia 15 00 17.7 -342 1974 535 1983
Belgium 25 438 228 400 1947 1005 1940
Canada 6.4 77 16.8 -320 1974 352 1933
Denmark 46 6.2 201 -284 1974 106.1 1083
France 38 6.3 231 -375 1947 66.1 1954
Germany 36 88 323 -80.6 1948 1559 1940
Ireland 48 70 222 =543 1974 690 1977
Italy 27 6.8 204 -7120 1945 120.7 1946
Japan 45 93 303 -840 1946 1196 1952
Netherlands 5.8 17 210 -340 1941 101.6 1940
South Africa 6.8 91 228 522 1920 1029 1933
Spain 36 58 220 433 1977 08.0 1986
Sweden 76 99 228 430 1918 895 1905
Switzerland* 50 6.9 204 -378 1974 56.2 1985
United Kingdom 5.8 7.6 200 571 1974 046.7 1975
United States 6.7 87 202 -38.0 1931 56.8 1933

* Swiss equities are from 1911,

Source: Dimson, Marsh, Staunton (2001). Nefe: Real return = Nomunal retum - Inflation rate
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Real Returns on Major Asset Classes

%Y
%0
2 1 5 I ;.N W
Y u
%l T r\w e
L e
e m
B ), "
) i o
WF D
Al |
%5 ¢ I
Yol L | ..\&ﬁ_ I
i
L & m
Jma. . E
] U, [ E]
L]
ey
Ly =
%60 Py
2l | L f
%L o I,
o, i TD
ol “
AuH | n
2t 5 [ ?,.._“w
i i ] m
il
24 | -
24 ¢ I ....__w =
Tl 0 h
2] | . »
% & [N [
i bﬁw,q =
%1 3 =
-
58T L -
205 I .&F —
| o] o]
g | S e
s o &
. o I 5
n .\mﬂ.h_. =]
b m
%5 T =
5+ I . =
B _.....nw. [
g T o T =
nm L [
w5 v I . =t
n .n._._.... M
e
Wl |- m
9 s ¢ I
_m sevo | ;ﬁ.@. m
s A y
& T N A
= a0 I %, i
B L]
%l - 5
Yl T m
=5 ¢ NN .&wﬁ@ ]
%Nl
- b T
2 ¢ N %,
Tk OF
Bk -
s L I i
T T T T T T T T T \.PHP.—.”— T T T 1
2 2 2 £ 2 2 2 2 2 0BT 2 2 2 »
=] =] =] = = =] =] =] =] = = = =] =]
[er] r b=l W - (24 (3] —i [=] — il .._.-. l_- _...-.
Iy AFRIAAY JL0a )




Real Returns on Major Asset Classes: 1900 - 2000

Equirties (%) Bonds (%) Bills (%)

Arithmetic Standard Arithmetic Standard Arithmerfic Standard
Country Mean Deviation Mean Deviation Mean Deviation
Australia .0 17.7 19 130 0.6 5.6
Belgium 48 228 0.3 12.1 0.0 82
Canada 7.7 16.8 24 10.6 1.8 5.1
Denmark 6.2 201 33 125 3.0 6.4
France 6.3 231 0.1 144 -2.6 11.4
Germany~ 88 323 03 159 0.1 10.6
Ireland 7.0 222 24 133 14 6.0
Iraly 6.8 204 -0.8 144 -2.0 12.0
Japan 03 303 13 209 -0.3 14.5
The Netherlands 7.7 21.0 1.5 04 0.8 5.2
South Africa 01 228 1.9 10.6 1.0 6.4
Spain 58 220 19 120 0.6 6.1
Sweden 090 228 il 127 22 6.8
Switzerland*~* 6.9 204 il 80 12 6.2
United Kingdom 7.6 20.0 23 145 12 6.6
United States 8.7 20.2 21 10.0 1.0 47

*Bond and bill statistics for Germany exclude the vears 1922-23.

** Swiss equities are from 1911.
Sowrce: Dimson. Marsh. Staumton (20011, Nofe: Feal retum = Nominal retum - Inflation rate THE UNIVERSITY OF
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The Probabillity Distribution Approach

We assume that investors can specify the possible outcomes (X, through
X,) and associate probabilities or likelihoods (p, through p,) with these
outcomes

Note: X; through X, are not known with certainty

Cash Flow J

X, with probability p,

X, with probability p,
X, with probability p;

X, with probability p_

t t+1 Time

THE UNIVERSITY Ol

MELBOURNE




The Probability Distribution Approach

We assume that investors can specify the possible outcomes (X; through
X,) and associate probabilities or likelihoods (p, through p,) with these
outcomes. For each state, convert the cash flows into rates of returns

State Probability Cash Flows Rate of Return
1 )22 X, R =X, -X)/X
2 D> X, R,=X,-XY)/X
3 Ds X5 R,=(X;-X0/X
d P, X, R =X -XY)/X

Note: p, + p, + ... + p,, = 1, because one of these states of the
world will be realized
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Measures of Risk and Expected Return

The expected return is the expected outcome measured as the weighted
average of the individual outcomes

E(r)=R=p=p;R; +p,R, + ... + p,R,

The variance or standard deviation of returns is the measure of dispersion
around the expected return Greater the dispersion, higher the risk and
uncertainty

Var(r) = 0% = py(Ry - M)* + po(Ry - )2 + ... + po(R,, - W)?
SD(r)=o

Note: Variance and standard deviation take into account returns
above and below the expected return. Investor concern is
typically with returns below the expected return (downside risk)
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Measures of Risk and Expected Return

Class Exercise 1: The current price of Stock X is $10. The stock does not
pay a regular dividend and market analysts expect the following three
states to occur one year from now

State Probability Price

Bad 0.3 $9.00
Good 0.4 $11.00
Awesome 0.3 $12.00

Compute the expected return and standard deviation of return
for the above investment.
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Answers to Class Exercise 1

* Convert the cash flows into rates of return for each state

* The return distribution for Stock X is

State Probability Rate of Return

Bad 0.3 (9-10)/10=-10%
Good 0.4 (11-10)/10=10%
Awesome 0.3 (12-10)/10=20%

E(r) or y = 0.3(-0.1) + 0.4(0.1) + 0.3(0.2) = 7.0%
Var(r) = 0.3(-0.1-0.07)2 + 0.4(0.1-0.07)2 + 0.3(0.2-0.07)2 = 0.0141

SD(r) or o = (0.0141)¥2 = 0.1187 or 11.9%
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Interpreting Return and Risk Measures

* A general interpretation of the expected return and standard deviation of
return requires assuming returns are continuously and normally

distributed.
* Only the expected (or mean) return and standard deviation of return
are needed to fully describe the distribution of returns

N L (r—u ’
f(})_o' 2Hexp{ 2[ o) ]]

Note: A normal distribution implies an unlimited downside loss
potential - unrealistic assumption because the most you can lose
on a security purchase is 100%!
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Interpreting Return and Risk Measures

| 1{r—u)
f(r)=——=exp| ——| ——

N o271 2\ o
2
7
5 .- 67% (L+ 0.1 -0)
D -
2
%‘ 1 95% (L +26. 1 - 26)
S " Note: More exact range is
—
= (L+1.966. 1 -1.96G)

=39 Bre I HTG p+ 26 Rate of Return (7)
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Interpreting Return and Risk Measures

* In the previous example, y = 7% and 0 = 11.9%

» Assume you purchased 100 shares of Stock X, investing $1,000
*The expected value of this security next period is
1000(1+ p) = 1000(1.07) = $1,070
*There is a 67% probability that the realized return will lie in the range
(M-0,d+0)or (-4.9%, 18.9%)
*There is a 95% probability that the realized return will lie in the range
(M- 20, u + 20) or (-16.8%, 30.8%)

*There is a 95% probability that a $1000 investment in this security will be
worth between 1000(1 - 0.168) = $832 and 1000(1 + 0.308) = $1,308 next
period

* The range of final wealth is $832 - $1,308 with a 95%

likelihood of the actual/realized wealth lying in this range
MELBOURNE




Specifying Investor Preferences

Class Exercise 2: You're given the following information on four risky
securities. Which securities would a risk averse investor prefer?

Expected | Standard Deviation
Security Return of Returns

A 5% 10%
B 10% 209
C 10% 109
D 15% 20%

-

=
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Answers to Class Exercise 2

* Risk averse investors would 1 (%)
prefer the highest expected *
returns and the lowest risk
levels D
* Cis preferred to A b [
* Cis preferred to B 10 . :
* D is preferred to B A

 What about A and B, C and r 5 (%)
D, Aand D? 10 20




Specifying Investor Preferences

Assuming asset returns are normally distributed, investor utility can
be written as a function of y and o%: U = f (u, 0?)

Example: U = u - 0.302 (this is just an example of a utility function)
AU/Ap > 0 (Higher expected return preferred to lower expected return)
AU/Ac? < 0 (Lower risk preferred to higher risk)

]
H E/f:) Direction of I
ticreasimg o Which securities would a risk averse
w Utility /D ' investor now prefer?
15 « Indifferent between A and B
. C < « Cis preferred to A, B and D
I / B * D is preferred to Aand B
3 ——_::_:___ v S
A
> e} (%) THE UNIVERSITY OF

10 20
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Specifying Investor Preferences

« Example: Evaluate securities A, B and
C based on their coefficients of variation 1 (%)

CV=0/yp
*CV, =0.10/0.05=2.0
*CVg =0.20/0.10=2.0
*CV.=0.10/0.10=1.0 10 . ’

* C is preferred to A and B (as before)
* Investor is indifferent between A and B - > G (%)
same risk per unit expected return 1o 20




Key Concepts

 Arithmetic average return indicates returns from a single, one period
Investment over that period.

« Geometric average return indicates returns per period from an
Investment over the whole period

* Probability distributions represent specifications of possible
outcomes in the future associated with probabilities of these outcomes
occurring

» Expected return is the expected return outcome measured as the
weighted average of the individual outcomes

« Standard deviation of returns is the measure of dispersion around
the expected return

* Risk averse investors prefer securities with the highest

THE UNIVERSITY OF
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Key Relationships
* Discrete returns: R, = (P, + D, - P._1)/P;,

 Continuously compounded returns: r, = In [(P, + D,)/P,]
* Arithmetic average return: r, = (R, + R, + ... + R,))/n
 Geometric average return: ry = [(1+R;)(1+R,) ... (1+R)]¥" -1

» Expected return on a security: E(r) = p;R; + p,R, + ... + p,R,
 Return variance: 6% = p;(R; - W? + p,(R, - ) + ... + p,(R,, - M)?

* Return standard deviation: SD(r) or o
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